We also obtain partial results for other cases and construct some concrete examples.
Introduction and Main Results
In a recent paper [3] , Kim, Koo and Park present the following problem about ♯ E(F p ) for elliptic curves E over a finite field F p . * E-mail: derong@mail.cnu.edu.cn Let E : y 2 = x 3 + f (k)x + g(k) be an elliptic curve over a finite field F p and α be a nonnegative integer.
(Open problem) [Kim-Koo-Park] ( 1 ) ( Strong form ) Can one find f (k), g(k) satisfying ♯ E(F p ) ≡ α ( mod d ) for a fixed integer d and for almost all primes p ?
( 2 ) ( Weak form ) For some special primes p, for example p ≡ 1 ( mod 4 ), Can one find f (k), g(k) satisfying ♯ E(F p ) ≡ α ( mod d ) for a fixed integer d and for all such primes p ?
In the following, we call it the KKP-problem.
In their proving Sun's conjectures on congruence cubic and quartic residue, Kim, Koo and Park obtained some results on the above problem. e.g., one of their main results (see Theorem 1 in [3] ) on the case (d, α) = (3, 0) says that for rational primes p > 3, k ∈ Z with p ∤ k(9k + 4) and elliptic curve E : y 2 = x 3 − (6k + 3)x − (3k 2 + 6k + 2), the number ♯ E(F p ) is congruent to 0 modulo 3.
In this paper, we first consider the KKP-problem for the case (d, α) with positive integer d > 1 and α = 0, 1. Depending on some Theorems of Katz, Serre,
Mazur and Elkies (see [2] , [7] , [5] and [1] ) about elliptic curves, we will give a simple solution via explicit construction ( see Theorem 1 and 2(1) below ). We also discuss the other cases ( see Theorem 2 below ). To state the main results, we fix some notation throughout this paper. For elliptic curve E defined over a field F, We denote E(F ) the group of F − rational points of E. If the characteristic of F is not 2 or 3, then up to F − isomorphisms, E has a model
Its discriminant ∆(E) = −16(4a 3 + 27b 2 ) = 0 (e.g. see [8] , p. 50 ).
For rational primes p, denote F p the finite field of p elements. So
When n ∈ Z being viewed as an element in F p , n andn will not be distinguished. So if we say E :
elliptic curve over a finite field F p with polynomials f (t), g(t) ∈ Z[t] and k ∈ Z, we mean all of them modulo p. The same meaning for polynomials in several variables.
In the following, f, g will denote polynomials in several variables over Z. If f is in n(≥ 1) variables, then f (k) is the value of f at the vector k ∈ Z n .
(2A) Let p > 3 be a rational prime number and m, n ∈ Z be rational integers such that p ∤ m(m−4n 3 ). Let E be an elliptic curve over F p . If E has the Weierstrass
then the number of elements in E(F p ) is congruent to 0 modulo 3. (2B) Let p > 3 be a rational prime number and m, n ∈ Z be rational integers such that p ∤ mn(n 2 − m 2 − 11mn). Let E be an elliptic curve over F p . If E has the Weierstrass equation E :
then the number of elements in E(F p ) is congruent to 0 modulo 5.
(2C ) Let p > 3 be a rational prime number and m, n, r ∈ Z be rational integers such that p ∤ mn(3r − (m − n) 2 )∆(m, n, r) and p | Ω(m, n, r), where
Let E be an elliptic curve over F p . If E has the Weierstrass equation E :
then the number of elements in E(F p ) is congruent to 0 modulo 7. and g(k) such that E p : and g(k) such that E p :
Euler function counting the number of the set of reduced residue classes modulo d.
Remark 2.
(1) For the elliptic curves E :
Theorem 1 corresponding to d = 3, 9, 5, 7 respectively, it is easy to know that almost all primes p at which E has good supersingular reduction satisfy p ≡ −1 ( mod d ).
(2) By Theorem 2, it seems that the KKP problem might have rare solutions in the general case (d, α) with α = 0. Moreover, there may be some relations between the solutions of this problem and the distribution of supersingular primes of elliptic curves.
Proof of Theorems
To prove Theorem 1(1), We need the following results of Katz and Serre on torsion points of elliptic curves. I am grateful to an anonymous expert for pointing out this important fact to me. Now we come to prove Theorems 1 and 2.
Proof of Theorem 1 (1) E p is the reduced curve at p of the elliptic curve
So by our assumption, it is easy to see that E satisfies the condition of proposition 2. an elliptic curve over the finite field F p . Now let P 3 = (3n 2 , m). Then by the given condition, it can be verified via the addition law (see [8, p .58 ], [6] ) that
is a point of order 3. Since E(F p ) is a finite group, we get 3| ♯ E(F p ). This proves Theorem 1 (2A).
Similarly, according to the corresponding conditions given in (2A ′ ), (2B) and (2C), we can verify that the points P 9 = (3n 2 + u, uw − m), P 5 = (3(m 2 + n 2 ) + 18mn, 108mn 2 ) and integer k ∈ Z such that E :
is an elliptic curve over Q, and its reduced curve E p is an elliptic curve over
all primes p. Let S = {prime numbers p > 3 + d : E has good supersingular reduction at p}.
By a theorem of Elkies ( see [1] ), every elliptic curve over Q has infinitely many supersingular primes. So S is an infinite set, and then there is a prime p * ∈ S such that a p * ≡ p * ( mod d ). Moreover, by Hasse's theorem ( see [8, p .131 ]), we have | a p |≤ 2 √ p for each prime p at which E has good reduction. Since p * | a p * because p * is a supersingular prime, it is easy to see that a p * = 0. Therefore p * ≡ 0 ( mod
. This is impossible! Hence the KKP problem (strong form )
has no solutions in this case. This proves (1).
(2) For each k ∈ Z such that E :
is an elliptic curve defined over Q, by our assumption, there exists a positive integer N 1 such that
for any supersingular prime p > N 0 of E, we have p + 1 − ♯ E p (F p ) = a p = 0, so
Now we assume furthermore that α − 1 is prime to d and φ(d) > 2. Let E : y 2 = x 3 +f (k)x+g(k) be an elliptic curve over Q satisfying the condition of the Theorem.
If E has complex multiplication by some quadratic imaginary field K. Then it is known that p is a supersingular prime for E if and only if p is ramified or inert in K (see [1] of all primes p being supersingular, which contradicts to the former conclusion because
. Therefore such elliptic curve E does not have complex multiplication. This proves (2) , and the proof of Theorem 2 is completed.
3 Examples of f (k) and g(k) satisfying KKP-problem Let E : y 2 = x 3 + ax + b be an elliptic curve defined over a field F ( char F = 2, 3 ) as above. For D ∈ F, the D− twist of E over F is defined by
It is well known that E and
as Abelian groups ( see [8, chapter 10] . When D is a square in F, F (
In the following examples, we fix F = F p , the finite fields of p elements, p > 3 a prime. We take (m, n) = (2, 1) in the above Theorem 1(2A). Then
So the elliptic curve E has equation y 2 = x 3 − 15x + 22. By the proof of Theorem
is a point of order 3. On the other hand, it is easy to see that the point P 2 = (2, 0) ∈ E(F p ) is of order 2. So E has the F p − point P 2 + P 3 of order 6. Therefore, for all primes p > 3, we have ♯ E(F p ) ≡ 0 ( mod 6 ). 
